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Abstract:
Abstract:
In this paper, we study the well-posedness of the evolution equation of the form
u′(t) = Au(t) + Cu(t), t ≥ 0 where A is the infinitesimal generator of an ex-
ponentially equicontinuous C0-semigroup and C is a (possibly unbounded) linear
operator in a sequentially complete locally convex Hausdorff space X. In particular,
we demonstrate that if A generates an exponentially equicontinuous C0-semigroup
(TA(t))t≥0 satisfying p(TA(t)x) ≤ eωtq(x) and C is a linear operator on X such

that D(A) ⊂ D(C) and {K−1(µ − ω)n(CR(µ,A))n;µ > ω, n ∈ N} is equicontin-
uous, then the above-mentioned evolution equation is well-posed, that is, A + C
generates an exponentially equicontinuous C0-semigroup (TA+C(t))t≥0 satisfying

p(TA+C(t)x) ≤ e(ω+K)tq(x).
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1 Introduction

In [12], Yosida initiated the study of equicontinuous C0-semigroups on locally con-

vex spaces. Recently, Singbal-Vedak [11] studied some properties of C0-semigroups

on a locally convex space. However, she proved a perturbation theorem of a C0-

semigroup on a sequentially complete locally convex Hausdorff space which gener-

alized a result due to Phillips [10]. For more details, see [11]. On the other hand,

Dembart [3] proved several results on the perturbation of a locally equicontinuous

C0-semigroup on a locally convex space.

Semigroups of continuous linear operators in locally convex spaces were studied

by several researchers [5–7, 11]. As an application of C0-semigroups of continu-

ous linear operators on locally convex spaces is the abstract Cauchy problem for

differential equations on a locally convex space X given by

ACP (A;x)

{
du(t)
dt = Au(t), t ∈ R+,

u(0) = x,
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where A : D(A) ⊂ X → X is a densely defined closed linear operator on a sequen-

tially complete locally convex Hausdorff space X and x ∈ X.
The aim of this paper is to prove some results on the perturbation of C0-

semigroups of continuous linear operators in sequentially complete locally convex

Hausdorff spaces.

The perturbation of strongly continuous semigroups in a Banach space is one of

central topics in the semigroup theory, e.g., [4, 9, 11].

Throughout this paper, X is a sequentially complete locally convex Hausdorff

space over the field of complex numbers C under the family of seminorms ΓX and

L(X) denotes the collection of continuous linear operators on X. For A ∈ L(X),

the domain of A is denoted by D(A).

In this paper, we study the well-posedness of the evolution equation of the form

u′(t) = Au(t) + Cu(t), t ≥ 0, (1)

whereA is the infinitesimal generator of an exponentially equicontinuous C0-semigroup

and C is a (possibly unbounded) linear operator in a sequentially complete locally

convex Hausdorff space X. Specifically, we will find conditions on A and C such

that A+ C generates a C0-semigroup of linear operators in X.

2 Preliminaries

Definition 2.1 ( [8]). Let X be a vector space over K(= R or C). A function

p : X → R+ is called seminorm if

(i) For any x ∈ X and for all λ ∈ K, p(λx) = |λ|p(x),

(ii) For all x, y ∈ X, p(x+ y) ≤ p(x) + p(y).

Example 2.2 ( [8]). Let K = R or C. Then we have

(i) If A is a linear map of a vector space X over K into a seminormed space

(Y, p), then p ◦A is a seminorm on X. In particular, if f is a linear functional

on X, then x 7→ |f(x)| is a seminorm on X.

(ii) If X is a linear space of integrable K-valued functions on some set T, then

p(x) = |
∫
T
x| is a seminorm on X.

(iii) If X is a vector space of K-valued functions on a set T, then for any t0 ∈ T,
the map x 7→ |x(t0)| is a seminorm on X.

(iv) Let C(X,K) be the linear space of all continuous maps of the topological space

X into K and let K be a compact subset of X. Then pK(x) = supt∈K |x(t)|
(x ∈ C(X,K)) is a seminorm on C(X,K).
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Definition 2.3 ( [8]). A complex linear topological vector spaceX is called a locally

convex space, if any if its open sets contains a convex, balanced and absorbing open

set.

Definition 2.4 ( [8]). A locally convex space X is Hausdorff if and only if for all

non-zero x ∈ X, there is a continuous seminorm p on X such that p(x) ̸= 0.

Definition 2.5 ( [5]). Let X be a sequentially complete locally convex space and

let A ∈ L(X). The resolvent set ρ(A) of A is defined by

ρ(A) = {λ ∈ C : (λ−A)−1 ∈ L(X)}. (2)

If λ ∈ ρ(A), then the application R(λ,A) = (λ−A)−1 is called the resolvent of A.

The spectrum σ(A) of A is defined by C\ρ(A).

Definition 2.6 ( [2]). LetX be a sequentially complete locally convex space. A one-

parameter family (J(t))t∈R+
of continuous linear operators on X is a C0-semigroup

if

(i) J(0) = I,

(ii) For any t, s ∈ R+, J(t+ s) = J(t)J(s),

(iii) For all x ∈ X, limh→0+ J(h)x = x.

The linear operator A defined by

D(A) =

{
x ∈ X : lim

t→0+

J(t)x− x
t

exists

}
(3)

and

Ax = limt→0+
J(t)x−x

t , for any x ∈ D(A),

is called the infinitesimal generator of the semigroup (J(t))t∈R+
.

Definition 2.7 ( [2]). Let X be a sequentially complete locally convex Hausdorff

space. A one-parameter C0-semigroup (J(t))t∈R+
on X is equicontinuous if for any

continuous seminorm p on X, there exists a continuous seminorm q on X such that

for all x ∈ X and for each t ∈ R+, p(J(t)x) ≤ q(x).

Definition 2.8 ( [2]). Let X be a sequentially complete locally convex Hausdorff

space. A one-parameter C0-semigroup (J(t))t∈R+
on X is exponentially equicon-

tinuous if there exists ω > 0 such that {e−ωtJ(t); t ∈ R+} is equicontinuous.

Theorem 2.9 ( [11]). Let A be a closed linear densely defined operator on a se-

quentially complete locally convex Hausdorff space X. Then in order that A be the

infinitesimal generator of an equicontinuous C0-semigroup (J(s))s∈R+
it is neces-

sary and sufficient that the family

{λnR(λ,A)n;λ > 0, n ∈ N} (4)

is equicontinuous.
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Theorem 2.10 ( [11]). Let A be a closed linear densely defined operator on a

sequentially complete locally convex Hausdorff space X. Then in order that A be the

infinitesimal generator of a continuous semigroup (J(s))s∈R+ with {e−ωsJ(s); s ∈
R+} is equicontinuous for some ω > 0 it is necessary and sufficient that the family

{(λ− ω)nR(λ,A)n;λ > ω, n ∈ N} (5)

is equicontinuous.

Theorem 2.11 ( [11]). Let X be a sequentially complete locally convex Hausdorff

space and A be a densely defined closed linear operator on X such that for some

ω > 0, the resolvent R(λ,A) of A exists as a continuous linear operator on X for

λ > ω and the family

{(λ− ω)nR(λ,A)n;λ > ω, n = 1, 2, · · · } (6)

is equicontinuous. If B is a bounded operator on X, then there exists ω1 > 0 such

that the resolvent R(λ,A + B) of A + B exists as a continuous linear operator X

and the family

{(λ− ω1)
nR(λ,A+B)n;λ > ω1, n = 1, 2, · · · } (7)

is equicontinuous.

Theorem 2.12 ( [11]). Let X be a sequentially complete locally convex Hausdorff

space and let A be the infinitesimal generator of a continuous semigroup (T (s))s∈R+

such that for some ω > 0 (e−ωsT (s))s∈R+ is equicontinuous. If B is a bounded

operator on X, then A+B is the infinitesimal generator of a continuous semigroup

(S(s))s∈R+
such that for some ω1 > 0, (e−ω1sS(s))s∈R+

is equicontinuous.

3 Main results

In this section, we present our main results.

Theorem 3.1. Let X be a sequentially complete locally convex Hausdorff space. Let

A be the infinitesimal generator of an exponentially equicontinuous C0-semigroup

(TA(t))t≥0 on X such that for all t ≥ 0 and all x ∈ X,

p(TA(t)x) ≤ eωtq(x).

Suppose further that C is a linear operator in X such that

(i) D(A) ⊂ D(C);

(ii) There exists a constant K > 0 such that if µ > ω, then for all p ∈ ΓX , there

exists q ∈ ΓX such that for all x ∈ X and all n ∈ N,

p((CR(µ,A))nx) ≤ K

(µ− ω)n
q(x). (8)
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Then, A + C generates an exponentially equicontinuous C0-semigroup, denoted by

(TA+C(t))t≥0 that satisfies

p(TA+C(t)x) ≤ e(ω+K)tq(x), t ≥ 0 and x ∈ X. (9)

Proof. First, we will demonstrate that

(K + ω,∞) ⊂ ρ(A+ C). (10)

Indeed, for all µ > K + ω, as K > 0, we obtain µ ∈ ρ(A) and

(µ− (A+ C))R(µ,A) = µR(µ,A)−AR(µ,A)− CR(µ,A) = I − CR(µ,A). (11)

Then for all µ > K + ω, we have µ ∈ ρ(A) and

(µ− (A+ C)) = [I − CR(µ,A)] (µ−A). (12)

From µ > K + ω, we obtain K/(µ − ω) < 1, then for all µ > K + ω and for each

x ∈ X, p(CR(µ,A)x) < q(x), hence for all µ > K + ω, I − CR(µ,A) is invertible.

By (11), we obtain for all µ > K +ω, (µ− (A+C)) is invertible, then (10) follows.

In particular, this also yields that A+ C is a closed operator (as ρ(A+ C) ̸= ∅).
Now, for all µ > K + ω, one can see that

R(µ,A+ C)−R(µ,A) = R(µ,A+ C)CR(µ,A). (13)

Then for all µ > K + ω,

R(µ,A+ C) (I − CR(µ,A)) = R(µ,A). (14)

By assumption (8), for all µ > K + ω, we have for each x ∈ X, p(CR(µ,A)x) ≤
K/(µ − ω)q(x) < q(x), then for all µ > K + ω, I − CR(µ,A) is invertible, hence

for all µ > K + ω, x ∈ X and for each p ∈ ΓX , there exists q ∈ ΓX such that

p((I − CR(µ,A))−1
x) ≤ 1

1−K/(µ− ω)
q(x). (15)

Consequently, for all µ > K + ω, x ∈ X and for each p ∈ ΓX , there exists q ∈ ΓX

such that

p(R(µ,A+ C)x) = p(R(µ,A) (I − CR(µ,A))−1
x)

≤ 1

µ− ω
q((I − CR(µ,A))−1

x)

≤ 1

µ− ω
· 1

1−K/(µ− ω)
q(x)

≤ 1

µ− (ω +K)
q(x). (16)

By the Hille-Yosida’s generation theorem, since D(A) ⊂ D(A + C) is densely ev-

erywhere in X, (16) yields that the closed linear operator A+C generate an expo-

nentially equicontinuous C0-semigroup, denoted by (TA+C(t))t≥0 that satisfies (9).

This completes the proof.
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Similarly to the proof of Theorem 3.1, we deduce the following theorem.

Theorem 3.2. Let X be a sequentially complete locally convex Hausdorff space.

Let A be the infinitesimal generator of an equicontinuous C0-semigroup (TA(t))t≥0

on X such that for all t ≥ 0 and all x ∈ X,

p(TA(t)x) ≤ q(x).

Suppose that further that C is a linear operator in X such that

(i) D(A) ⊂ D(C);

(ii) There exists a constant K > 0 such that if µ > 0, then for all p ∈ ΓX , there

exists q ∈ ΓX such that for all x ∈ X and all n ∈ N,

p((CR(µ,A))nx) ≤ K

µn
q(x). (17)

Then, A+C generates an equicontinuous C0-semigroup, denoted by (TA+C(t))t≥0 .

If C is a bounded linear operator on X, we conclude from Theorem 3.1 that.

Theorem 3.3. Let X be a sequentially complete locally convex Hausdorff space. Let

A be the infinitesimal generator of an exponentially equicontinuous C0-semigroup

(TA(t))t≥0 on X such that for all t ≥ 0 and all x ∈ X,

p(TA(t)x) ≤ eωtq(x).

Suppose further that C is a bounded linear operator in X such that there exists a

constant K > 0 and if µ > ω, then for all p ∈ ΓX , there exists q ∈ ΓX such that

for all x ∈ X and all n ∈ N,

p((CR(µ,A))nx) ≤ K

(µ− ω)n
q(x). (18)

Then, A + C generates an exponentially equicontinuous C0-semigroup, denoted by

(TA+C(t))t≥0 that satisfies

p(TA+C(t)x) ≤ e(ω+K)tq(x), t ≥ 0 and x ∈ X. (19)

Similarly to the proof of Theorem 3.2, we obtain:

Theorem 3.4. Let X be a sequentially complete locally convex Hausdorff space.

Let A be the infinitesimal generator of an equicontinuous C0-semigroup (TA(t))t≥0

on X such that for all t ≥ 0 and all x ∈ X,

p(TA(t)x) ≤ q(x).
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Suppose further that C is a bounded linear operator in X such that there exists a

constant K > 0 and if µ > 0, then for all p ∈ ΓX , there exists q ∈ ΓX such that for

all x ∈ X and all n ∈ N,

p((CR(µ,A))nx) ≤ K

µn
q(x). (20)

Then, A+C generates an equicontinuous C0-semigroup, denoted by (TA+C(t))t≥0 .

We finish with the following application.

Application 1. Let X be a sequentially complete locally convex Hausdorff space.

Consider the Cauchy problem of the form{
u′(t) = Au(t) + Cu(t), t ∈ R+,

u(0) = x, x ∈ X
(21)

whereA is the infinitesimal generator of an exponentially equicontinuous C0-semigroup

and C is an unbounded linear operator on X. If A generates an exponentially

equicontinuous C0-semigroup (TA(t))t≥0 satisfying p(TA(t)x) ≤ eωtq(x) and C is an

unbounded linear operator on X such that D(A) ⊂ D(C) and p((CR(µ,A))nx) ≤
K/(µ− ω)nq(x) for any µ > ω, then by Theorem 3.1, the Cauchy problem (21) is

well-posed.

Bibliography
[1] X.Q. Bui, N.D. Huy, V.T. Luong and N.V. Minh, A generation theorem for the pertur-

bation of strongly continuous semigroups by unbounded operators, J. Differential Equations,
422 (2025), 489-499.

[2] Y.H. Choe, C0-semigroups on a locally convex space, J. Math. Anal. Appl., 106 (1985),
293-320.

[3] B. Dembart, Perturbation of semigroups of operators on locally convex spaces, Bull. Amer.
Math. Soc., 79(5) (1973), 986-991.

[4] K.J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolution Equations,
Springer, 2000.

[5] H. Komatsu, Semi-groups of operators in locally convex spaces, J. Math. Soc. Japan, 16
(1964), 230-262.

[6] T. Komura, Semigroups of operators in locally convex spaces, J. Funct. Anal., 2(3) (1968),
258-296.
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