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Abstract:

This article’s primary goal is to compute an explicit transmutation-based solution
to a degenerate hyperbolic equation of second order in terms of time. To reduce
a new problem to a problem that has already been solved, or at the very least to
a smaller problem, is a standard mathematics strategy known as the transmuta-
tions method. similar to utilizing heat equations to solve wave equations. Using
transmutation methods, we solve this problem using the well-known Kolmogorov
equation. We present the solution of wave equations using transmutation methods
and show that it is equivalent to the solution obtained by applying the Fourier
transform in order to support our methodology.
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1 Introduction

The purpose of this article is to compute an explicit transmutation-based solution
to the following degenerate hyperbolic partial differential equation (PDE):

Oru — Agu — (z,Vyu) =0, R x RY x (0,00)
u(z,y,0) =0, dpu(x,y,0) = ¥(z,y)

This PDE is highly degenerate since it is missing the diffusive term Ayju. The cor-
responding parabolic Cauchy problem was first introduced by Andrey Kolmogorov
in a famous 1934 note [1]:

(1)

% - Azf - <xvvyf> = 07 R2n X (0,00)

flz,y,0) = 9¥(x,y), (z,y) € R2" (2)
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Many believe Andrey Kolmogorov to be the greatest mathematician in Russian
history, as well as one of the most brilliant mathematicians the world has ever seen.
He was a guy of various interests, and thanks to his originality and cunning mind,
he made contributions to a wide range of mathematical fields.

In his seminal 1934 paper [1] on Brownian motion Kolmogorov introduced the
aforementioned highly degenerate equation 2 for which the Cauchy problem admits
an explicit fundamental solution C'*° off the diagonal, thus effectively proving the
hypoellipticity of his operator thirty years prior to Hormanders celebrated work.
This equation is crucial to the kinetic theory of gases.

Let us take a brief detour into the context of "Kinetic Theory of Gases,” which
can be explained as follows. The kinetic theory of gases attempts to explain the
microscopic properties of a gases, such as volume, pressure, and temperature, as
well as transport properties such as viscosity, thermal conductivity and mass diffu-
sivity in terms of the motion of its molecules. The gas is assumed to consist of a
large number of identical, discrete particles called molecules, a molecule being the
smallest unit having the same chemical properties as the substance.

The kinetic theory of gases was historically the first formal application of statis-
tical mechanics concepts. Maxwell, Boltzmann, and Clausius developed key com-
ponents of the kinetic theory between 1860 and 1880. Kinetic theories are available
for gas, solid as well as liquid. [19]

Although the Cauchy problem (1) doesn’t appear to have a well-developed theory,
this PDE also does appear to have a direct application in the kinetic theory of
gases for the study of the density of a system of N gas particles in the phase space
that models the collision of particles in a specific surrounding bath, where the
aggregation of particles induces friction contribution [18]. The density of particles
with constant velocity one and location (x,y) € R?" at time ¢ is represented by
u = u(z,y,t) in this equation, which is a member of a class of evolution equations
emerging in the kinetic theory of gases. [17]

As mentioned, it appears that no explanation has yet been put forth to address
the Cauchy problem (1). Therefore, we refer to the publications of two scientists
named Berg and Detmand in 1968. They sought a method for deriving the answer
to a partial derivative problem of the second order from the first order, and vice
versa, in the article on problems relating to partial derivatives [2]. By employing the
Laplace transform and Laplace inverse in this research, they were able to accomplish
their objective under suitable boundary conditions. This is an important step in
the transformation methods community.

Following that, they presented applications of their method in a subsequent
article [3]. They solved the wave equations, radial wave equations, and eigenvalue
solutions using a previously proven method. In another paper [4], they extended
their research to find an arithmetic operator that calculates the solution of partial
differential equations. In 1969, they broadened their research and developed their
method for solving Drickel problems with initial values. In an article about a class of
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Drickel problems and initial values [6], they introduced the transformation method
and showed the validity of their method with an example.

Then in 1974, Ruben Hersh wrote a comprehensive article [5] about transforma-
tion methods. In this article, he mentioned different types of conversion methods
and provided various examples. And he introduced the transformation method
as a standard mathematical strategy to reduce it to a previously solved problem,
or at least to a simpler one, when faced with a new problem. For example, it is
possible to reduce a problem with unit coefficient to one with ordinary coefficients;
reducing the problem containing a small parameter to a parameter independent of
the parameter; Converting the second-order equation to the first-order equation or
vice versa; And to convert a Gorsa problem to a Cauchy problem or vice versa,
he pointed out. To say briefly, these authors demonstrated a number of relation-
ships between solutions to first order and second order PDEs with initial boundary
conditions in the articles [2], [3], and [4].

In the sight of these researches, we would like to present the theory on the explicit
solution of 1, for which no theory has yet been developed. Furthermore, we will
demonstrate that, under the suitable boundary conditions, the solution of the heat
equation associated with the Laplace inverse conversion yields the solution of the
initial value problem for the wave equation. To better understand the transmuta-
tion methods strategy, consider the following proposition, which finds the solution
of the heat equation from the solution of the wave equation.

Proposition 1.1. From solution of Wave equation to solution of Heat
equation
Suppose we have a solution to the Cauchy problem of the wave equation:

Opu—Azu=0, R"™x(0,00)
w(z,0) =p(x), Jwu(xz,0)=0

(3)

And let G(o,t) as defined in the following be the heat kernel in the space variable
o € R and time variable t € R20:

Glo,t) = (4nt) de~ 5 (4)
Let us now define a function using the formula:
oat) = [ Glotyule,0)do = Pifuz. ))(0) (5)
R

We claim that the function v(x,t) defined by the solution of the wave equation is
the solution of the heat equation:

v —Azv=0, R"x(0,00)
v(z,0) = ¢(z)

(6)
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Proof. Let us first demonstrate that heat kernel (4) is a solution of the following
heat equation:

G —A,G=0, Rx(0,00) )
G(0,0)=0,

The first condition is self-evident. Let’s compute its derivatives to prove the deriva-
tives part:

oG —2 o2
Aé—(mt)::—zgx4wﬂ7%eff?
o
0*G -2 1 2 o? 1 _o?
W(O’,t):g(llﬂ't) 2e 4t +E(47Tt) 2¢ 4t
1 o2 2 o2
%Cj (o,t) = —§t7%(47&')7%67ﬂ + —22 (47Tt)7%67ﬂ

We can conclude from the above calculation that (4) satisfies (7). The derivative of
v(z,t) can now be computed using Fobini Theorem, integration by parts, and (7)
as follows:

%(m,t) = ;/RG(m Hu(z,o)do :/R%f(a, Hu(x,o)do =

%G 0%u
/Rw(c',r,t)u(x,a)daf/RG(U,t)@(x,U)dU

Due to the (3), we have %(x, o) = Azu, therefore:

Z@UAQMMW@ﬂm

AI/RG(O',t)U(IL',J)dJ = Ayv(z,t)

This computation demonstrates that v; — Ayv = 0 in R™ x (0,00). Furthermore,
for the initial condition:

lim v(z,t) = lim | G(o,t)u(z,0)do =

t—ot t—ot Jr
lim P (u(z,.))(0) = u(z,0) = ¢(z)
t—ot
This satisfies the Cauchy problem for the heat equation. O

In this paper, we want to proceed in the opposite direction, knowing that v(z, t)
is the solution to the Cauchy problem (75), and then find a new function wu(z,t)
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that solves the Cauchy problem (3). As previously stated, this is the transmutation
technique, which employs solutions of other problems to find a solution to the
current one.

For precision,let

with

D= —
s,

and let P(z, D) be a finite order linear partial differential operator (usually elliptic
type). Then consider the following pair of problems:

Su(z,t) = P(x,Dyu(z,t), t>0
u(z,0) = ¢(z) (8)
B(z,D)u(z,t) = f(z,t) x€S8,t>0

And
2 v(w,t) = P(z, t)o(x, t) t>0
v(z,0) =0  v(x,0) = ¢(x) (9)
B(z, D)v(z,t) = g(x,t) zeS,t>0

The purpose of this paper will be to use the inverse Laplace transform to relate
the solvability of problem (8) to the solvability of problem (9). The use of the
Laplace transform imposes constraints on the functions f(x,t) and g(z,t), but these
conditions are met in a wide range of applications. To preserve and demonstrate
the technique’s essential simplicity, we use strictly formal methods of proof. Most
of the derived results are easily verified to hold in general. The basic theorem will
be treated rigorously later.

In the following section, we will first use Fourier transforms and characteristic
methods to solve the wave and Kolomogorov partial differential equations. In the
following sections, we will prove the relationships between solutions of (8) and (9).
Finally, an explanation of how to use the transmutation technique to solve the (1)
is provided, along with evidence that the solution of the wave equation using the
transmutation technique is equivalent to the solution using the Fourier transform
and characteristics methods.

2 Classical Methods

In this chapter, we will solve the wave and Kolomogorov partial differential equa-
tions using the Fourier transform and characteristic methods. Let’s proceed with
the wave equation based on the book of Nicola Garofalo in [7].



174 JOURNAL OF MATHEMATICS AND MODELING IN FINANCE

2.1 Wave equation
Wave equation in n-dimentional space on a function f that lives in space-time R"*1
for given data ¢ and 1) is defined as follows:
Ouf — CQAmf =0, R"x (Oﬂoo)
f(2,0) = o(x), O f(x,0) = ¥(x)

It is sufficient for our purposes to limit ourselves to solving this PDE for n = 3.

(10)

Theorem 2.1. Let p € C3(R3),+ € C*(R3), and define

_ 1
T drwect?

f(x,t) /5( t){w(y) +(Ve(y),y — x) + ty(y) }do(y) (11)

Then, f € C?(R3 x (0,00))NCHR? x (0,00)) and such function provides the unique
solution to the Cauchy problem (10) for n = 3.

Fourier Transform: Let’s take a brief detour into the meaning of the Fourier
transform and its basic properties before moving on to the proof of this theorem.
The Fourier transform of a function g(z) is denoted by g(¢). With & € R3 we denote
the Fourier transform of function g(z) as:

96 = [ e g(a)da (12)
Fourier transform is a linear operator with the following properties:
e If translation operator is defined as Tj,(z) = 2 4+ h,h € R™ then :
Thg(¢) = ™EMG(6) (13)

e If dilation operator is defined as d)(xz) = Az, A > 0 then :

596 =x5(5) (19

e Fourier transform derivatives can be simplified as follows:

By, 9(€) = 2mi&ig(€) (15)
Bri0,9(6) = —47°6,£;3(€) (16)

e Another important property of Fourier transform is:

F9(6) = ——0e,3(€) (17)

i
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Proof. To prove theorem (2.1), we must first apply the Fourier transform to the
PDE (10). Therefore, with ¢ € R3 we denote the Fourier transform of function

f(x,t) as:

~

fle = [ e patyis (18)

Now we apply the Fourier transform to the PDE (10) for n = 3:

Ouf — EALf =0, R?®x(0,00)

Based on the properties of Fourier transform, we can compute:

(19)

. ﬁ/t,;‘ = 3“]?. Because Fourier is with respect to the space variable, we can
use Fobini’s theorem to extract the derivative with respect to time from the
Fourier transform.

¢ AN =YY Oaf =AY (2mi€)* ] = A>T

Therefore, we can rewrite (19) like:

Ouf +4m2c2E)2f =0,

FE0)=3€),  Bf(£0) =)

If we fix variable ¢ € R3, then it’s possible to change variable f(f,t) = y(t) and
obtain the following ordinary differential equation:

Y (t) + 4n2cEPy(t) = 0,
y(0) =36, ¥(0)=15(¢)

This is a harmonic oscillator case of an ODE with the following solution:

y(t) = Acos (2mc|€|t) + Bsin (2me|€]t)
We can compute A and B based on the initial conditions and obtain:

b(€)
2mclé]

y(t) = @(&) cos (2melS|t) + sin (2mc|]t) (20)

Fourier transform of the measure carried by a sphere: Before continuing

the proof of the theorem, let’s take another detour. According to the book [7], the
Fourier transform of the measure carried by a sphere is defined as follows:

dop = / e 2T o(z), Sk ={z € R®s.tlz| = R} (21)
Sr
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This is a spherically symmetric function whose value can be computed and is as
follows:

n (27 [¢| R)

— QSi 3
= R 22
dop = 4mR 2R VE € (22)

To simplify the process, let’s use the following notation:

—

don(€) = sin (27|¢|R)

Dop =
IR 21|€| R

1
_— 2
472 R2 (23)

Returning to the theorem proof, in (20) we can replace % by

tD/&; = tﬁa\d and

d sin (27|€|ct)  d ——
2 t)=————>— = —tD

cos 2rlelet) = 5 SEED = LDl

As a result, we can rewrite the right hand side of the (20) as follows:

d/\

y(t) = B()  (tDo1) (€) + ()D€ (24)

Convolution and spherical average: Let’s take a last detour before conclud-
ing the theorem’s proof. Convolution of two function g(z) and v(z) is:

g(m)*v(m):/ g(t)o(x — )t (25)

n

There is a crucial theorem about convolution that proves

g9(x) x v(x) = v(z) * g(r) (26)

Furthermore, a critical property of the Fourier transform regarding convolution
states that if g,v € L(R™), then

§Fv=Go (2)
In addition, there is a key principle known as the metaprinciple, which states:
g=v<sg=v (28)

Having said that, let us define the spherical average a function g : R®™ — R denoted
by My(z,r) as follows:

1

My(z,7) = m
"

/ o(y)do(y) (29)
S(z,r)

such that the sphere S(z,r) has the following definition:

S(x,r)={yeR" st |z —y| <r}
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and o,,_1 is the area of sphere equal to

27Tn,/2
T T T(n/2)

(30)

which I'(z) = fooo t*le~'dt is the Euler Gamma function. The key characteristic
of these definitions based on the book [7] is that:

(9% Dog)(x) = My(z, R) (31)

Returning to the theorem proof based on the key feature (31), we can
rewrite right hand side of equation (24) as follows:

d - —

() = (Mo ) (€) + (M e0) €

Now based on the metaprinciple (28) and applying the derivatives, we have:

d
u(z,t) = My(z, ct) + t% (My(z,ct)) + tMy(z, ct) (32)
Finally, we obtain the solution (11) by calculation the spherical averages and deriva-
tives which completes the proof. O

2.2 Kolmogorov Equation

In this section, we demonstrate how, by combining the Fourier transform with the
method of characteristics, we can provide an analytical solution to the Cauchy
problem for the Kolmogorov equation from [7]. In what follows, we will use the
ordered couple (z,y), such that =,y € R™ to represent the generic point in R?" in
the following Cauchy problem:

Of —Apf —(z,Vyf) =0, R>™ x (0,00)
f(@,y,0) = ¥(z,y), (r,y) € R*"
with ¢ € Co(R?*"). Due to the missing diffusion term A, f, equation (33) is highly
degenerate. Let’s find the solution of this hypoelliptic PDE. Suppose £,7 € R™,

and we denote the dual variable of the point (z,y) € R?" in the partial Fourier
transform by (£, 7) € R*™:

(33)

~

f@mwzf ¢ 2EN ) f(z, y. t)dudy (34)
R2n

We now proceed similarly to what we did for wave equation in previous section and
apply to Kolmogrov PDE (33) a partial Fourier transform with respect to (z,y):

O — Aol — (@, V, ) =0, B> x(0,00) )
F(€.,0) = ¥(&,m), (€,m) € R2n
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Each term in this system can be simplified using the Fourier properties (15), (16),
and (17). In the previous section, we demonstrated how to simplify 9, f and A, f.
Now, let’s compute (z, V, f):

<I’ vyf> = Z"'E'L@yzf - 27TZ Za& 8yzf Za& Th
i=1
= —Zm@s F==n,Vel)
Now we can rewrite (35) as follows:

O f + 47 |E)2F + (0, Vef) = 0,
F(&,m,0) = h(&,n)

By change of variable f({, n,t) = v(£,n,t), we obtain the following corresponding
Cauchy problem:

drv + 4n2¢[20 + (0, Vev) =0, R x (0,00)

v(€,1,0) = P(E,7), (&) € R

We employ characteristic methods to solve this PDE. To do so, consider the vector
field V/(&,m,t) = (1,0,1) in R?"*1 which yields:

(36)

(Viemon, V) = —4x%l¢l (37)

Starting at the point (&,7,t) € R?"*! we now construct the characteristic lines
meaning that the following curves

o:R— R

a(s) = (§(s),n(s), t(s))

Are solutions of the Cauchy problem for the following vector-valued ODE:

o(s) =V(a(s)),  a(0)=(&n1)
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With the following solution:

E(s)=E+sm, n(s)=mn, t(s)=t+s

We can easily see that 0(s) is satisfied by the following linear ODE if we define
0(s) = v(a(s)) and use the (37):

0'(5) = {Vien(a(s), V(a(s) ) = —4n*[£(3)20(s) = —4n*[€ + sn[*0(s)

which shows that a constant A exists such that

B(s) = Ae—m Jile+rnlar
To compute A, notice that

o~

0(—t) = J(& —tn,,0) = (& —tn, )
Therefore,
A= (€ — e Jolemmaler

~

Now using the condition 6(0) = f(£,n,t), we obtain:

~

F(& 1) = (€ — tn, e Jolemaler (38)
We want to recover f from such an explicit formula. We should be able to express

the right-hand side of (38) as a Fourier transform using the following algebraic
facts:

Lemma 2.2. Let A € M,,xn, B € Mpxm, C € Myxn, and D € M« and
assume that A be invertible. Consider the partitioned matrix

(1)

det(K) = det(A). det ((D —CcA = B))
If furthermore A, B,C — DB~'A, and D — CA~'B are invertible, then

One has

K1 A7t —(C-DB'A)"'CcA™t (C-DBtA)7!
—(D-CA™'B)"tCcA~! (D—-CA-'B)~!
If instead A,C,B — AC™'D, and D — CA~'B, are invertible, then

1 _ (AT -ATIB(B—ACT'ID)TY —AT'B(D - CAT'B)!
(B— AC~1D)! (D—CA-'B)~!
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Now define the linear operator T'(t) : R?® — R?" for t € R as follows:

ri)y=| = On
—tl, I,
where the blocks I,, and O,, are the identity and zero matrices in R"™. From Lemma
(2.2) we have det(T'(t)) =1 for every ¢t € R and

Tyt = On
tl, I,
It is worth noting that the following notation A’ represents the matrix A’s transpose.
We have for the adjoint of T'(¢),

T(t)(&n) = (€ —tn,n) (39)

Now let’s take a detour here and learn the following proposition from [7] chapter 5,
which is required to compute the initial condition of (35).

Proposition 2.3. Let us indicate with GI(n) , the collection of all invertible linear
mappings on R™. Also, We indicate with O(n) all orthogonal transformations of
R™ onto itself. Now assume that A € Gl(n). If f € L*(R™), then one has:

FlAg) = |det(A)| 7 F o A71(8) (40)
In particular, if T € O(n), then

folT =foT

and therefore the Fourier transform of a spherically symmetric function is itself a
spherically symmetric function.

Now by applying this proposition to (39), we obtain:

—

D€ ~ tn.m) = o T(1) 71 (€. 1) (41)
Therefore, we can rewrite (38) as follows:
F&mt) = o T() (g e lemmlar (42)

Consider the following degenerate matrix to find a Fourier equivalent for the expo-
nential term on the right hand side of (42):

I, O,
=5 <)

Therefore,



Paper 12: Explicit solutions of Cauchy problems with Transmutations methods

181
Now, we can compute the |§ — 7'77|2 using these calculations.
€= n* = (QT()' (&), T(7)"(&m) = (TMRT() (&), (&,m)  (43)

Thus, we can rewrite the exponential term in (42) as follows:
o= 42 [Hlg=Tnl2dr _ —4n® [{{T(1)QT(r) (€m),(&m))dr
— 47 (([y T(MQRT () dr)(¢.m).(€:m))

Now if we define the following matrix:

C(t):/o T(T)QT(T)th< tln 31”)

t2 3
—51'” 31

n

n

Even though matrix T'(7)QT ()t = ( I"I 7;{ ) is not invertible for any 7 > 0,
—Tlinp T An
from lemma (2.2) we get:

1 1\"
det C(t) = (3 - 4) 4 =127 > 0 vt >0 (44)
Therefore, if we define

I, —1iI
K(t)=t"'0(t) = ( S ")
~ir, £r,

3
Now in order to compute the Fourier transform of the term

. K(f,)*l.,.>

————(4nt)” Fem %
det K (t)

we need the following theorem from [7] chapter 5.

Theorem 2.4. For anyt >0 and & € R™ one has

(=) 1€) = (amr) 2o 5

On the other hand, one also has the following inverse formula

/T 2
((47rt)’5 e~ ir

). do=e
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More in general, if A € My,x,(R™) is a matriz such that A* = A, and A > 0, then

(1)

4t AL ey = L (grp) R e
e = wt) 2e o 48
( )10 = —— (4mt) (48)
and thus the inverse is
/: _{att) —4m2t(AE €)
Adnt)"ze T =e ’ 49
(gm0 ). © (49)

Returning to our computations and applying (49), we can conclude that

1 —zp (KO — o 4m (K () (Em),(€:m))
4mt)" =2 e ET; ,n) =e 7 RO 50
< 1etK(t)( ) )(f n) (50)

_ 6—471-2 fot |e—7n|?dr

With these calculations and convolution properties of Fourier transform, we can
rewrite (42) as follows:

~ —

f(&mt) =¢oT(t)"1(&n)

((w o T(t)=1) * deth(t) (drrt)~ 3 e~ 0L > (&mn)

Now that we have this formula, we can apply the metaprinciple and obtain:

(4m)—™ KO ey e e ')
t

= —— e
Vdet tK(t) Jren

With the following change of variable

flz,y.t) Yo T(t)~!(2,y)d'dy’

(51)

(z,9) =Tt («',y)
such that

(xl>yl) = T(t)(i'7g) = (537g - t‘%)

and dz’'dy’ = dzdy, we finally obtain

(K&~ @—7,y—g+12), (z—7,y—5+12) )

- \/% o " Y(Z,5)dzdy  (52)

f(z,y,1)
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This formula (52) solves the Cauchy problem (33). To obtain a simplified version
of this formula, first compute the inverse form of the matrix K (t):

Kt — <;Un ?In> (53)

12
il w2l

And therefore we easily can compute the exponential power as follows:

(KO "z -2,y —g+1tT) (x — T,y — §+1tT))
4

3 _ o 3 2
|z — z| —|—;(x—x,y—y+tx>+tf2\y—y—|—tx|

3 B B 2

7 +t72 y—g+itr+ -(x — )
_ _ 2
_|x£|2+12‘yty+x;rx

Also the coefficient term can be computed as follows:

@dr)  (4m)n 3%

— t—2n
VdettK(t) V12-ngin (2m)"

Now if we define function p(z,y, %, y,t) like:

n

I, 32 —on 1 . y—y  x+7
p(xvyvxvyat): (27‘[’)"t 2 6xp{—4t <|(p—$|2+12‘t+ 5

)) o

Flat) = [ oe..5.00.5)dsds (59)

Finally, the simplified version of the final solution is as follows:

3 Transmutation Methods

As previously stated, the main goal of this article is to present an explicit solution
for the degenerate hyperbolic equation (1) by employing transmutations methods
that reduce the problem to a previously solved problem, or at least to a simpler
problem, which in our case is the parabolic Kolmogorov Cauchy problem (2). To
accomplish this, we use a particular transmutation technique that was implemented
in [2], [3], and [6]. Suppose that

D:(DlaD27"'7Dn) Qf:(xl,xg,"',xn) Dizi
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And define the following multi-index:
DY = Dlal,DgQ, . "fo"v

such that

P(x,D) = Z aq(x)D®

a:0<a|<m
Where |a| = a3 + -+ + a, and aq(x) are given functions of . Finally, let S(z) =
0 denote a cylindrical surface in (x,t) space and B(z, D) a linear nontangential
boundary operator whose domain is the manifold S(z) = 0. The smoottmess
required of this cylinder will depend upon the operator B(z, D). Now consider the
following initial boundary value problems of the form:

owu(x,t) = P(x, D)u(x,t), t>0
u(,0) = o(x) (56)
B(z,D)u(x,t) = f(z,t), x€8,t>0

And
Opv(z,t) = P(x, D)v(z,t), t>0
v(z,0) =0,  v(x,0) = p(x) (57)
B(z, D)v(z,t) = g(x,t), zeS, t>0

For the time being, we will assume that ¢(z) has continuous derivatives of sufficient
higher order to ensure the existence and continuity of B(z, D)¢(x) and P(z, D)¢(x).
Finally, we assume that on S(z) = 0, ¢(z) and all of its derivatives, up to those
involved in B(z, D), vanish.

The focus of this paper will be on relating the solvability of (56) to the solvability
of (57) using the inverse Laplace transform based on the proofs provided in [2], [3]
and [6]. The use of the Laplace transform will inevitably impose constraints on the
functions f(x,t) and g(x,t), but these conditions are met in many applications. The
inverse Laplace transform of the function ¢ (x, s) will be denoted by the following
symbol:

L;l’ll)(l', s)s—>7'
Where s represents the variable in the transformed function #(x, s), and 7 repre-
sents the variable in the inverted function.

Theorem 3.1. If u(x,t) solves (56) and

s Q)

Then the following v(x,t) solves (57):

o(@,t) =T @’) [ {s_gu (x 42) }th (59)
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provided the inverse Laplace transform exists.
The inverse of this theorem is provided in the following.

Theorem 3.2. If v(z,t) solves (57) and
1 e g2
T,t) = —= e *g(x,§&)d 60
St = g omy || ot o (60)
Then the following u(x,t) solves (56):

1 2
o) = 2 / ce™ 5 u(x, )de (61)

provided the integrals exist for t > 0.

Proof of theorem (3.1) and (3.2). Problems (56) and (57) will be reduced to
the same problem using variable transformations and the introduction of the Laplace
transform. To begin, we change variables u(z,t) and v(z,t) as follows:

u(z,t) =u*(x,t) + ()
vz, t) =v*(z,t) + to(x)

Then (56) and (57) transform, respectively, into the problems

uj(z,t) = P(z, D)u*(z,t) + P(xz,D)p(x) u*(x,0)=0

(62)
B(x, D)u*(z,t)|s = f(x,t) (since B(x, D)¢(x) =0on S)

And
vl (x,t) = P(x, D)v*(z,t) + tP(z, D)p(x)
v*(2,0) =0 v (x,0)=0 (63)
B(x, D)v*(x,t)|s = g(x,t),

In (63), introduce the change of variables t = 7% then it becomes:

Arvr_ 4 2vF = P(z, D)v*(z,72) + 72 P(z, D)¢(z)
v*(x,0) =0 lim,_,q vi(x,ré) =0 (64)
B(z, D)v*(x, T%)‘s = g(x, T%)

Now introduce the Laplace transform in (64) by transforming on the variable 7 with

transformed variable s. Then ©*(z,s) the Laplace transform of v*(z, 72), satisfies
the problem

I(

S

o

)

432%6*(93, s) + 6sv*(z,s) + P(x, D)v*(x, s) + P(z,D)¢p(x) =0

[N

(65)
B(x,D)v*(x, s)|s = g(x, s)
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with g(x,s) the Laplace transform of g(m,T%). Finally, a multiplication of the
3

equation and conditions in (65) by #z) leads to the problem
2

(66)

In (62), introduce the change of variables t = ;= for s > 0. Then (62) transforms
into the problem

452%U* (xa i) + P(z, D)u* (177 4%) + P(z,D)¢(z) =0

(67)
B(x, Dyu* (2, 5) s = f (v, )

with

1
1. * - =
Jim v (m, 43) 0

A comparison of (66) and (67) shows that the functions u*(z, ) and 53 (7*(, s)/T (3))

) 4s
satisfy, firstly the same differential equation and secondly the same boundary con-
ditions provided that

e

S

(

@) o)

T
(b) lim s20* (z, s)

S5— 00

[\eI[9N}

(68)

)9(9:, 5)
0

The conditions (68 a) are those covered by the hypotheses (58) and (60). Imposing
these conditions along with (68 b), we get

v (z,8) =T (2) sT 3y (x 413) (69)

and the result (61) follows by inversion and our definitions of «* and v*. The result
(59) also follows from (69). This completes the proof. O

4 Explicit Solutions

In this section, we’ll make good on our promises to solve problems (1) and (3) using
transmutation methods. We intend to solve problem (1) first, and then demonstrate
that the solution is correct by proving that the solution to problem (3) computed
using the transmutation method is identical to the one computed using Fourier
transforms. First, let us provide an explicit solution to the following degenerate
hyperbolic equation:
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O — Agu — (z,Vyu) =0, R x RY x (0,00)
u(xvya 0) =0 ) 815”(3?7% 0) = w(l‘ay)

using transmutations methods. By theorem (3.1) and using the solution of kol-
mogorov equation (55), we can conclude that if f(x,y,t) is the solution of kolmogrov

problem then
3 3 1
wat) =1 (3) 22 {5t (o )| (70)
2 ° s s—t2

where f(z,y,t) can be written as follows based on the computation presented in
the (2.2):

3220 — & (lz—z?+12|ug8 242 )?)
f(a:,y,t)zi(%r)n /R2 e 4‘(| e ‘)w(aj,y)d:cdy (71)

According to the linearity of Laplace inverse transform and Fobini theorem, we can
simplify (70) as follows:

3 3% (45)2n - 7ﬁ2+124“*’+1f52)
u(w,y,t) =T ( ) P s e / (it 22| (7, §)dzdy
2 2m)™  Jr2n 2
s—t
change of variable as ¢ — Z = ¢, y—y=n
73223 [ _s —stF+12%n+étﬁ2)
=5 n) L7t {S 2 / s2"e ‘ 2 ’ Y(€ —z,n —y)dédn
7r R2n srt2
3% (9)3n —s(le2+12|asn+ 2258 |?
= o / Lt {sg’s?”e o(lefizfions 2274 W — 0 — y)dédn
™ R2n 2
s—t

Now we should compute the Laplace inverse part as follows:

z—c|2 20—¢ |2

3 —s( €12 +12|dsn+ 2278 ) 1 780§P+424Sn+444* )

L7t {5252”6 ( ‘ 2 ’ =L;1{s 252 te ‘ 2 ’
s—t2

S

s—t2

_ 2419|454 228 2
— (2n— 1) 4‘7{’; 52— €2y« LT} {e o(1er+azfasn 2205 )
t s—12
2z—£)\2
VT s 4o e( =) 1
=(2n—-1)——(t° —
(2n )t4”+1 ( ¢ )*t2—4n(2x—§)*t—192772

In the following theorem, we can present the final solution to our main problem

(1).

Theorem 4.1. Suppose we have the following degenerate hyperbolic partial differ-
ential equation:

Opu — Agu — (2, Vyu) =0, R x RY x (0,00)

(72)
u(a:,y, O) =0, atu(a:,y,()) = ¢(x,y)
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The following function satisfies this PDE equation:

3% 92)3n—1
o) = 5 [ zenaivie—en-pien @)

where

(72 1

_ _ 2 2

(74)

We now want to use the solution of the heat equation and transmutation methods
to compute the solution of the wave equation.

Proposition 4.2. From solution of Heat equation to solution of Wave
equation
Suppose we have a solution to the Cauchy problem of the Heat equation:

Ou—Ayu=0, R"x(0,00)

(75)
u(z,0) = ¥(x)
Then the solution to the following wave equation:
3ttf — Azf =0 y R™ x (0, OO) (76)

f(xao):()a atf(x70):w(x)

Is computed using:

flz,t) =T (2) L {SSU <x 415) }th’ (77)

Proof. Consider the following fundamental solution of heat equation 75:

_lz—y|?

u(a,t) = (4nt) "} / =R )y (78)

n

By theorem (3.1) and using the solution of heat equation (78), we can conclude

that
flz,t) =T (2) L {su < , 42) }Ht2 (79)

Let’s keep expanding the computations until we get the form (32), which verifies
our claim that the transmutation method is a correct method for solving a PDE. If
we subsitute the heat equation solution (75), we obtain:



Paper 12: Explicit solutions of Cauchy problems with Transmutations methods

189

3 3 Y _Lzl 2

flx,t) =T (> Lyt {82 - / e slel w(y)dy} =
2 <8) n S—)t2
1L;1 {5353/ eszylz¢(y)dy} _
27T n S—32
1 2
I
27_[_ S { ]Rn ’(/}(y> y S*)tz
1 2
1)y —slo—y|
o s {TLH;O /Bw)e ¢<y>dy}

s—t2

Where B(z,r) = {y € R"s.t |x — y| < r}. According to Cavalieri’s principle

/B(x,r) g(x)dx = /OT /S(mm)g(y)da(y)dr

We can now proceed with the calculations using this principle:

floet) = = {JE& | /SM T doly)dr }Hﬂ
{3220 L L W)d"(y)dr}w

flz,t) = QLL;1 { lim /OT e (4mr* My (z, 7)) dr} =

s—t?
2/ L;l {eisrz} 27‘2M¢([E,7‘)d7"
0 s—t

We can compute the inverse laplace inverse as follows:

flz,t) = 2/000(5 (= r*) r* My (2, r)dr =

2/000;[6(t—r)+5(t+r)]r2Mw(ac7r)dr:

oo

(rMy(z,r))d (t —r)dr+ (rMy(z,r))d(t+r)dr =

S—
3

A 0
/OOO My (z,r) 5(t—r)dr+/ (Mo —2)) 5 (t — =) dr

— 00

(80)

According to the definition of spherical average of a function (29), we can compute
the second integral as follows:
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Since spherical average function is spherically symmetric, we have

oo 0

Flot) = /O (r Mo (2, 7)) 8 (£ — ) dr +[ (2My(w, 2)) 6 (¢ — 2) dr =
o 0

/0 (rMy(x,7))d(t —r) dr—&—/ﬁ (rMy(z,r))d(t —r)dr =

/00 (rMy(z,7))d(t—r)dr

— 00

Using the following Dirac delta property:

/ T W) (e — y) dy = g(a) (s1)

— 0o

Finnally, we achieve the form (32) for when ¢(z) =0,

Fa) = [ Mulen)d (o= r)dr = 000,00

— 00

This concludes our claim. O

5 Conclusion

Finally, we learned how to use a strategy in this paper to divide a difficult problem
into two simpler ones and solve them using an equivalent problem of lower degree
in terms of time. These methods can aid in the solution of previously unsolved
PDEs. The explicit solution computed in this article can also address a number
of other issues related to gas kinetic theory. For future studies, we recommend
developing an analogous numerical method based on the transmutation technique
with optimal error margins.
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